Al and Deep Learning
2-1 Neural Network with One Hidden Layer I

(one training example)

Zhonglei Wang

WISE, SOE, CHOW
XMU

(Version v1)



Contents

1.Revisit logistic regression

2. Forward propagation

3. Backpropagation

4. (Batch) Gradient descent algorithm



Background

[ . Ilustrate basic concepts using only ONE training example (x,y) (y € {0,1})

A neural network can be viewed as a function of features & with parameter 6

9

J

3. To obtain an estimator of the model parameter 8, we use a (batch) gradient

descent algorithm

4. An essential step is

t+l) — g(t) _ o . 22 (Q(t))
@

0'Y): Current model parameter

® What are the cost function and its partial derivatives?’
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Dimension of partial derivatives
| . Consider f(x),
* f(x)=(fi(z),..., fr(z))" : Column vector of length k

o= (Lg,... 733¢n,)T : Column vector of length m

2 In this class, we define

Ofi(x)/0xry ... Ofi(x)/0x
ofT  (0f: afi\ Ofi(x)/0xs ... Ofi(ax)/0xs omh
%—(%M%)— - ; <
0fi(x)/0xy, ... Ofi(x)/0x.n,

® To make the dimension clear, we use a transpose in the numerator or denominator

e Make 84D =0 — - 97/06 (6'") mathematically rigorous (k = 1)



Dimension of partial derivatives

| . In advanced math classes, we define derivatives to facilitate linear approximation (e ~ 0)

fi(x + €) fi(z)

f2lx+e) | | folx)| of
| | o=

fr( + €) fi(x)

®* 0f/0x: Transpose of the one we defined in the previous slide

ofi(x)/0xy ... Ofi(x)/Ors,
of | oh@/oe ... ofu(@)/de.,
9 . | |

flz+e) =

€

c Rk X m

Ofi(x)/0x1 ... Ofi(x)/0x.n,



Dimension of partial derivatives

| . For the convenience of our discussion, we DO NOT adopt the form of gradient

in those advanced mathematics



Examples

| . Example 1: Consider f(x)
* = (z1,...,2,)" : Column vector

®* f(=x) : Univariate function

7 Then, we have

of _ (of
s~

3. 0f/0x has the same dimension with

83,"1"“

95

" 0T,

;
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Examples

| . Example 2: Consider f(x)

®* = (x1,...,2,) : Row vector

®* f(x) : Univariate function

) Then, we have

of [ of
o~

3. 0f/0x has the same dimension with @

amlj..

"

of

0%,

)
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Examples

| . Consider f(x,y) = B - g = Z?:l LjY;

* x= (21,0, 2m)"

e y:(yljaym)T

2 . Then, we have

of _
(r))w_yj
9f
m_ya



Examples

| . Example 3: Consider f(X)
°* X = (z;;) € R™** : m x k matrix

®* f(X) : Univariate function

) Then, we have

of [ of
0X (335@)

3. 0f/0X has the same dimension with X
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Examples

| . Example 4 (chain rule): Consider
f(xz) = goh(x)

® x : Scalar, column vector, row vector or matrix

®* f(=x) : Univariate function

* h(z) = (hy(z), ... hy(x))"

7 Then, we have



Examples

| . If & is a scalar or a column vector, we further have

0g
0f _§~0hs 0y _ (O O [V ) _ 0BT 0
Oxr 4~ Ox 8hj_ ox’ ' Ox - Ox  Oh
=1 dg
Ohm

* 0g/0Oh = (0g/0hi,...,0q/0h,,)"

* O0n'/0x = (Oh,/0x, ..., 0h,,/0x)

N

That is, the calculation can be vectorized

3. However, the essential part is to get 0h;/0x

4. Vectorization may fail if x is a matrix

=)

Question: How about the case when @ is a row vector?
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Goal

| . To obtain 07(0'")/90, we introduce

® Forward propagation: Based on the current parameter, calculate the “activated”

values as well as the cost function
® Backpropagation: Based on “those” values, obtain partial derivatives

7 We use a toy neural network to introduce forward propagation and

backpropagation
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Revisit logistic regression

| . The model is too simple in practice

2 . Why not use more “circles”?



Neural network example

T 1 /

=10 ()

& .
“-— .

. \

Input layer Ist hidden layer Output layer

| . Assume x = (21, 2, T3)

"9

Each circle represents two operations:

® Linear transformation with two model parameters, including a bias and a weight

® Activation (nonlinear transformation) without model parameters
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Neural network example

| . Remarks

® Different model parameters are used for different “circles” to extract different

information

In other words, we “contruct” a set of “new” features in the hidden layer
For the output layer, the hidden layer can be regarded as its “input” layer

Compared with a logistic regression model, this neural network uses one hidden

layer to extracts more information
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Calculation

2 =b 2T w, ol = o (2")

2 =by +xT-wy, ay =o(z5)
ot ofl = o(ef)

2-1 Neural Network with One Hidden Laver I (Version v1)

Parameters
1 1
b_[[ ] [1 ]
b[21] wg}
bgt] wgl}
bE] 'w/[f]
b[12] wgz}



Vectorization

|  Denote

® L : Number of layers in the neural network

* d": Number of neurons in the [th layer (l=0,...,L)

" all =@l dl)T e R

[1—1]

wlil — ('w[iﬂa- ([il[]E IT & Rd" xd

[ [ [1]
bl :(b[] ---:bg]g]) c R x1

7 Model parameters

* (I wily.1=1,... L}
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Vectorization

| . For the previous example, we have

®* 40 — de[l] _ 4,d[2} —1

* wil = (wgl]ngﬂngl]ngﬂ)zr c R¥3 w2 — (w?})T c R1X4

@
bl = (b, by, by b)) T € R¥ 0P € R
T1 ﬂg]
Lo Cl--[12]
ol
ol
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Forward propagation

"9

J

. Forward propagation obtains “activated” values using CURR.

. Assume the current model parameters are b[l], W[l], b[2], w2l

. The calculation can be simpified as
U =pl y Wl g

all = o (211,
2 = pl2 Wi gl

a2 = (22

:'{]h:-!l":;:_-: ".. {1 { e l.

Tl = o L i

T R L

E & & &

S

[1]

=

H

H

bt

Tl o e = R

e

+ + + +

EEE &

S

ENT parameters

- B
8 8 8 8



Forward propagation

| . Forward propagation obtains “activated” values using CURRENT parameters

"9

. Assume the current model parameters are b[l], ij b[2], w2l

J

3. The calculation can be simpified as
U =pl y Wl g

(o)
alll = J(zm): S, olm")
2121 — pl2l L w2 gl o(23")

\o(")

al? = o (2]



Forward propagation

| . Consider a binary response (y € {0,1})

2. a® is the estimated value for Plg=1|z)
3 Thus, we consider a loss function

J =L =—{yloga? + (1 —y)log (1 — a¥)}

4. Question: What would a!?! and £ be if y € R?

5. Question: What about the case when the range of labels is nonnegative?”



Forward propagation

|  Visualize the calculation details

:I: / (I,[l]

[1] [1]
b, W pl2l W12
Forward propagation
21 — plll L wiil. o
alll = O.(z[l]) L2 — pl2l L w2l gl

e

» J



Remarks

| . When obtaining a!'! in the first layer, = is the input

2. When obtaining a!? in the second layer, a!'! can be treated as the input

3. That is, when obtaining activated values in the [th layer, those in the previous

layer can be treated as the input

4 This is the general case for forward propagation, so forward propagation can be

coded by a for-loop



Backpropagation

| . Based on current model parameters, backpropagation is to obtain

e (1=1,....1)
7 Core technique: Chain rule
® Denote f(x) = go h(x)
® Then, we have
df 0Oh Og

dx Oz Oh



o o gll] M= i *;/.. g7 e—= .
-
wll - wl -
8\7 — [2] o aj g (
g2l — ¢ Y oW 2
g7 o0J

l. D =diag({a;’(1 —a;"): j=1,...,d"})

1]

2. We only need to cache alt! and o
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pl2!

pill
Remarks N N
T s 2l T gl 7 5 g % J(6)
s .
wll Z w2 =

[ . The form of 07 / Oa'?! is determined by the form of the cost function J
® We have shown the result for binary classification problems
* Derive 07 /00! if 7 = (y — a!?)?/2 for regression problems by yourself

2. Once we obtain 0.7 /9a?!, we use a chain rule to get

0F  0a?  0J
02121 T 92121 Hgl2

®* Result for 0al / 0z2l is determined by the form of activation function to get al?

* 07/02?! = al?l —y for binary classification problems
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1] pl2!
Remarks
x » 2lll I—5 gltl = > [ T
wll w2

| . Once we obtain 0.7 /022!, we can easily get
o 0% a7  8J
obl2l  obl2l 9zR21 T 921217
0T  _ 02 . 2 = (alhT. 0J
oWkl owlkl gzl 0z2

That is, to obtain derivatives with respect to the model parameters in the

NI

second layer, it is desirable to obtain 0.7/ 0z2]

3. Similar argument applies to the case for the first layer



[1]
Remarks "N N
N N\
A —— O — U —— O ——aV(()
Z &
wll w2

| . Once we have 07 /0a'*!, we can easily get
0J et o8g - N
0z — 9zl 9all — T 9all’
og oY og 0T
oblll — bl 9zl T 9l

OWI ~— £ oW~ 5 1~ 9zl

D = d1ag({a£”(1 — @[1]) L= Ly e, d[l]})

J

2. It remains to show how to obtain 0.7 /da!'! from 0.7 /0%

;,f_]“:.l.-:;._.; 1'»."'-.: 11 ': '\ | p | .\.""il'.l. \w.:'l".'-'il!'éi EI!' (ne |||Iil' Aaver '1"--':"- 011 v1)




Remarks "N N

|

By the computation graph, we only need to consider ONE more step:

0J _ 0% 9J 2NT . (2]
9al ~ 9al gzm ~ W) e —y)
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Remarks

| . To update parameters in the lth layer, it is enough to know 0.7 / Oal’
2. To obtain 8.7 /0a!'~Y from 0.7 /02", we only need to consider the linear

transformation in the [th layer

~

3. Thus, backpropagation can also be coded up using for-loops



(Batch) Gradient descent algorithm

Step |. Randomly initialize 8%

Step 2. Based on 89 obtain
0T

VT (6Y) = %(9“))

Step 3. Update parameter
o+l — gt) _ . VT (Q(t))

Step 4. Go back to Step 2 until convergence, or reaching maximum number of

1terations



Summary

| . Generalized logistic regression to neural networks
2 . Introduced how to obtain gradients for the model parameters
® Forward propagation: Calculation of output and cost function based on the

current model parameters

® Backpropagation: Obtain gradients by a chain rule

)

3. Gradient descent algorithm



